WELL-POSEDNESS FOR FRACTIONAL NAVIER- STOKES 
EQUATIONS IN CRITICAL SPACES CLOSE TO B^ _1) (M") 

q , ZHICHUN ZHAI 

O 

Abstract. In this paper, we prove the well-posedness for the fractional Navier- 
C [ Stokes equations in critical spaces G^ (2/3_1) (R n ) and BMO~( 2l3 ~^ (R n ). Both 

^ ■ of them are close to the largest critical space B^^ X ' (M n ). In G n ' 2 ' 3 1 ^(R* 1 ), 

we establish the well-posedness based on a priori estimates for the fractional 
00 ' Navier-Stokes equations in Besov spaces. To obtain the well-posedness in 

! BAfO-( 2 ' 3 - 1 )(M n ), we find a relationship between Q^^fK") and BMO(R n ) 

by giving an equivalent characterization of BMO~ ^(1"). 

< 

^— > . 1. Introduction 

In this paper, we study the well-posedness of mild solutions to the fractional 
Navier-Stokes equations on the half-space K^_ + ™ — (0, oo) x R™, n>2: 



d t u + (-Afu + (u ■ V)u - Vp = 0, 



> ' (1.1) < V • u = 0, 



in 



in 



u|t=o = a , m K 

with /3 G (1/2, 1). The mild solution to equations fll.lj) is the fixed point of operator 



|2/3 



o 

in 
o 

i Here 

e -t(-A)"y( a .) := ^(a.) * /( x ) W ith iff (0 = e-*l«l : 
and P is the Helmboltz-Weyl projection: 

^ ' = {Pj,k}j,k=l,— ,n = {$j,k + RjRk}j,k=l, 

with the Kronecker symbol Sj k and the Riesz transform Rj — dj(— A) -1 / 2 . 

Note that the following scaling 
(1.2) 

u x (t, x) = A 2/3 - 1 u(A 2/3 i, Arc), p A (*, <b) = A 4/3 ~ 2 ;p(A 2 ^, Ax), a A (x) = A 2 ^" 1 a(Ax) 

is important for equations (II. 1|) . This leads us to study equations Ijl.lj) in critical 
function spaces which are invariant under the scaling f(x) — ► X 213 ^ 1 f(\x). 

When (3 — 1, equations (|l.ip become the classical Navier-Stokes equations. The 
existence of mild solutions has been established locally in time and global for small 
initial data in various critical spaces. Especially, Koch and Tataru in [14] proved 
the well-posedness of classical Navier-Stokes equations in the space BMO~ 1 (M. n ) = 
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V • (MO(K")) n . Xiao in [26] generalized the results of Koch and Tataru [14] to 
Q~ 1 ao (M. n ) for a G (0, 1). Chen and Xin in [5] studied the classical Navier-Stokes 
equations in several critical spaces. See, Kato [T3J, Cannone [3J, Giga and Miyakawa 
[TP] , Bourgain and Pavlovic [2] and the references therein for more history and 
recent development. 

For general case, Lions [17] proved the global existence of the classical solutions 
to equations fll.lj) when j3 > | in dimensional 3. Wu in [21] obtained similar result 
for /3 > | + J in dimension n. For the important case (3 < | + t> Wu in [22] - 

[53J considered the existence of solution to equations (|1.1[) in Bp^ 1 ' (R n ). In Li 
and Zhai [T5]-[I|)], inspired by Koch and Tataru [Tl] and Xiao [5S], they studied 
equations (TTTJ in critical space Q^{R n ) = V • (Q^(R™))™ for f3 G (1/2,1) and 
a G (0, /3). Here Q^(M") for a G (— oo, /3) is the set of all measurable functions with 

where the supremum is taken over all cubes I with the edge length /(/) and the 
edges parallel to the coordinate axes in R™. Q^(R n ) is a generalization of Q a (W l ) 
studied by Essen, Janson, Peng and Xiao [8], Xiao [25], Dafni and Xiao [6]- [7]. 
Meanwhile, Li and Zhai [TS] proved that Besov space B^(R n ) for (3 G (1/2, 1) is 
the biggest one among the critical spaces of equations (|l.ip . 

In this paper, we accomplish two major goals. First, we prove the well-posedness 
for equations CO]) in spaces G^ (2,3 ~ 1) (R n ) for (3 G (1/2, 1). Here, for s > 0, 

G^(R") = {/ G S'(R n ) : |/| G^^R"),!!/^-,^ ^sup^lle-^^l/IIU-CR") <^}- 

Second, to obtain the well-posedness in BMO"' 2 ^ 1 ^!") for (3 G (1/2, 1), we find 
a relation between Q^{« n ) and BMO(K n ) : 

(!-3) (R n ) = (-A) 2 T zi BMO(R™) = BMO- {2p - 1] {W l ) 

fora= 1— /3and/3 G (1/2, 1), by giving an equivalent characterization of BMO~^ (W""). 
Our well-posedness results extend that of Chen and Xin [5] , Koch and Tataru [14] . 
The relation (TT3J between Q^(M. n ) for (3 G (1/2,1) and BMO(l") gives us a 
clear link between Q^(R") and BMO(l"). When a ^ 1 — /3, an interesting problem 
is whether or not there is a similar link between Q^(R") and BMO(W n ). 

The space BMO"^(l n ) was introduced by Zhou and Gala in [2H] by using 
heat semigroup e . In the following, we define BMO^(R n ) by e~*(- A ) for /3 G 
(1/2, 1). This is motivated by the following well-known facts. 

For a C°° real- valued function on R" satisfying the properties: 
(1.4) 

4>j G L\W n ), < (l+|s|)-<" +1 >, / ^(x)^ = and (^)t(x) = r n ^- (7) , 

JR™ V * 7 

(1.5) /eMO(R n )^. sup r _n / / (/^^(y)! 2 ^ 1 ^ < 00. 

zeR'\rG(0,oo) JO J\y~x\<r 
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Here A < B means A < CB with C > 0. Thus BMO(R n ) can be defined equiva- 

lently as 

(1.6) 

\\f\\ 2 BMo^)= sup r- n / \\7 e -^-^f( y )\h^dtd y <^. 

s€l n ,rG(0,oo) JO J\y — x\<r 

Then, (Q~I]) leads us to introduce £MO" c (R n ) as follows. 

Definition 1.1. For /3 G (1/2, 1), < C < n/2, define BMO" c (P) as the set of 
all measurable functions / with 

11/11 Wc(«») = SU P ^" / / ^|e-*(- A )"/(j/)| 2 dt^ < oo. 

a:eM",re(0,oc) JO J|y-2:|<r 

Remark 1.2. Obviously, _BAfO _l »(R n ) is invariant under the scaling /(x) — ► 
A c /(Ax). Note that Q^:" 1 ^") is invariant under the scaling f(x) — > A 2/3 ~ 1 /(Aa;). 
Thus BMO-^l") will be more useful than Q^-^R"). 

We state our main results as follows. The first one is a priori estimates in 
homogeneous Besov spaces for the fractional Navier-Stokes equations. 

Propisition 1.3. Let 2 - 2/3 < w < 2/3, 1 + n/p + w < 4/3, 2 < n < p < oo, 
1 < q < oo and 

a e (S'(R n )) n ,f(t) e (B™J P+ *(R n )) nxn . 

Then the solution to the integral equation 

u(t) = e^-^a + f e-^-^PV ■ f(s)ds 
Jo 

satisfies the estimates 

\\u(t)\\ < ||a|| ._( 3j9 _i) + n + sup s^ +1 ~~?\\f(s)\\ .„_2 ?+ a 

and 

t*||«(t)|| .-(w-D+f < ||a|| + sup s^\\f(s)\\ 2 , +f 

-Bp.oo (B n ) Bp.oo (R") 0<s<t -Bp, oo p (R™) 

provided the right-hand sides of the above inequalities are finite, respectively. 

Applying Proposition [L3] we obtain the existence of solution to equations (jl.ip . 

Theorem 1.4. Letn > 2, [3 G (1/2, 1), max{ 2/3-1, 2-2/3} < to < 2/3, l+n/p+tu < 
4/3, a G G I T (2/3 ~ 1) (K n ), V • a = 0. // || a|| G -<2^-i)^ R „^ is small enough, then there is 
a unique solution to satisfying 

lk(t)|| G -(2^- 1 ) (Rn) +t^||u(t)|| z ,o= (K n ) +i^l|w(*)lls» 7 W-i) (K „) £ IMIg-^-^Obl")- 

Similar to Theorem [L^J we can prove the existence of solutions to the fractional 
magnetohydrodynamics equations 



d t u + (-A) /3 u + u ■ Vu + Vp - b ■ Vb = 0, 



(1.7) 



d t b + {-Afb + b-Vb-b-Vu = 0, in R u " 



in R^ +n 



V-u = V-6 = 0, in rol+n 



u|i=o = «o, &|t=o = in 

We refer the readers to Wu [21] and [21] and the references therein for more 
information about this system. 
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Theorem 1.5. Letn > 2, E (1/2, 1), max{ 2/3-1, 2-2/3} < w < 2/3, 1+n/p+w < 
4/3, (u 0> &o) G G^ ( ^- X) (K"), V • u = and V • 6 = 0. // KH^w-D^) + 
||6o||(j-( 2 (3-i)(gn) * s small enough, then there is a unique mild solution to |J.7| j sa£- 
is/yiny 

||u(i)|| G -(2,^i )(R „ ) +t^|Ki)|U~(B>») +t*||u(i)ll i j™ : 4^-i) (R „ ) < ||a|| G -(2 /3 -i )(R „ ) , 
|]6(t)|| G -(2 /3 - 1)(an) +t*||6(t)|| 1 » (R » ) +**||6(*)Hb» 7 w>-i) (r « ) < ||a|| G ,-(2 /3 -i )(K „ ) . 



Using Proposition 11.31 we get the existence of solutions to equations (jl.ip in 

-(2/3 
p,oo 



Propisition 1.6. Let n > 2, /3 £ (1/2, 1), n < p < oo, max{2/3 - n/p, 2 - 2/3} < 

u; < 2/3 and 1+n/p+w < 4/3. Assume that a G (M")) n andV-a = 0. J/ 

ll&H . -(afl-ij+a ^ is small enough, then there exists a unique solution to equations 

satisfying 

\Ht)\\ cw-y+n +f^||u(f)|| L .op» ) +t#|Kt)|| „_ ta/ ,_ 1)+ n < ||a|| -pfl-D+J 

Remark 1.7. In [2"3"].Wu established a result similar to Proposition 11.61 by using 
lower bounds for the integral involving (—A)". 

Now, we study the properties of BMO"^(tt"). 

Propisition 1.8. (BMO~ c and Besov spaces) Let /3 G (±, 1). For any f G <S'(R n ) 
and i > 0, we have 

( rr 2 " r \ 1/2 

r^He-^-^/IU- < (r- n / / | e -«<- A >'/(aOI 2 <*nk J , 

V ill ./|x— £c |<r / 



< CR n ) 



Propisition 1.9. A distribution f belongs to BMO l »(R™) if and only if there 
exists a distribution g G BMO(W l ) such that f = (— A)'p. 

Remark 1.10. (i) Zhou and Gala established results similar to Propositions 1 1 . 8l l 1 . 91 
for BMO~ c (R n ) defined by heat semigroup e tA . Thus, BMO~ c (R n ) is independent 

of e -t(-A)' J for p e (1/2,1]. 

(ii) It follows from the definition of M/0^(R") and Q%£(R n ) (see jH;) that 
when a = 1-/3, Q^i^R") = BMO" c (r) for C = 2/3-1. Thus, we can obtain the 
existence of mild solution to equations ljl.l|) with initial data in i3MO~*- 2 ' 3_1 )(R Tl ) 
as follows. 

We need to define some notations. 

Definition 1.11. Let 1/2 < /3 < 1. 

(i) A tempered distribution / on R ra belongs to BMOjS 2 ^ 1 -'(R n ) provided 

( r 213 r -3-1 \ 1/2 

-(2/3-1)^= sup r" n / / |iff */(y)| 2 tVdydi) <oo; 



ibmo; ,.. . , 

T v ' a:GR™,re(0,T) \ Jo «/|i/-x|<r 
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(ii) A tempered distribution / on R" belongs to VBMO-W- 1 ) (R n ) provided 
t 1 ™ H/Hbmo- (2 ' 3 - 1) (R™) = 

(iii) A function g on R;l +n belongs to the space X^(R") provided 



\ x f> (Rn) = sup t 2 e\\g(t,-)\\L°°(K") 
TV ' te(o,T) 



sup [ r" n / / \g{t,y)\h^r dydt 




x€R",i- 2 ' 3 e(0,T) \ JO J\y-x\<r 

Propisition 1.12. 15J Letn>2, 1/2 < (3 < 1. TTierc 

(%) TTie fractional Navier-Stokes system (1.1]) has a unique small global mild solution 
in (X^) 71 for all initial data a with V • a — and \\a\\^ BMO -(2p-i)y being small, 
(ii) For any T G (0, oo) there is an e > smc/i that the fractional Navier-Stokes 
system (!■!]) has a unique small mild solution in {X^) n on (0, T) x R™ when the 
initial data a satisfies V • a — and \\cl\\^ BM q-120-i)^„ < e - ^ n particular for all 

a G [VBM O-l 2 / 3-1 ))™ toii/i V ■ a = i/iere exists a unique small local mild solution 
m {Xp) n on (0,T) x R™. 

Remark 1.13. (i) G£ (2/3_1) (R") and BMO"' 2 ^ 1 )^") are different critical spaces 
for equations (|1.1[) and no inclusion relation between them. 

(ii) Proposition 11.121 is an generalization of Koch and Tataru O Theorem 2-3] 
since BMO^- 1 ) {W 1 ) = (-A)-^BM 0(R"). 

(iii) Similar to Proposition [TTT21 we can consider the well-posedness for dissipative 
quasi-geostrophic equations in BMO"' 2,3_1 '(R 2 ). 

The rest of this paper is organized as follows. In Section 2, we give the definition 
and some basic properties of Besov spaces. In Section 3, we prove Proposition 
11.31 In Section 4, we verify Theorem 11.41 based on a prior estimates for fractional 
Navier-Stokes equations. In Section 5, we show Theorem 11.51 bv the contraction 
mapping principle. In Section 6, we demonstrate Proposition 11.61 by applying the 
contraction mapping principle and a prior estimates for fractional Navier-Stokes 
equations. In final two section, we establish Propositions 11.81 and 11.91 



2. Preliminary Lemmas 

In this section, we provide the definition and several properties of the homoge- 
neous Besov spaces. 

We recall the definition of homogeneous Besov spaces. For details, see Berg and 
Lofstrom [T] and Triebel [H]-[2D]. We start with the fourier transform. The Fourier 
transform f of / G S is defined as 

f(0^(2n)-^ 2 J^f(x)e'^dx. 

Here <S(R n ) denotes the Schwartz class of rapidly decreasing smooth functions and 
<S'(R n ) is the space of tempered distributions. The fractional power of the Laplacian 
can be defined by the Fourier transform. For 9 G R, 

(-A?7 2 /(£) = \t\ 9 m. 
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We will use / v to denote the inverse Fourier transform of /. Then we introduce the 
Littlewood-Paley decomposition by means of { l fij}'j!L- 00 - Take a function <f> G Cq° 
with suppO) = {( e 1" : 1/2 < |f | < 2} such that Y.f=-oo 4>( 2 ~ j Z) = 1 for a11 
f 0. Then we define functions tpj (j = 0, ±1, ±2, • • • ) as 

Let Aj/ = ifj * f, for j = 0, ±1, ±2, ±3, • • • . Then, for sSl and 1 < p, g < oo, we 
define 

ll/lk 9 ( K »)= E (^'ll^'/IUw) 9 ' 1<9<°° 
\3=-oo y 

ll/IU. (r»)= sup (2 SJ ||A 3 /|| LP(R „ ) ), g = oo, 

— 00<J<00 

where L P (R") means the usual Lebesgue space on M n with the norm || • ||lp(]k™)- 
The homogeneous Bosev space q (M. n ) is defined by 

H, g m = {/ 6 S' : \\f\\ B;q{Rn) < oo}. 

We will use the following properties about homogeneous Besov space. 

Lemma 2.1. The following properties hold: 

(i) If 1 < Qi < ?2 < oo, 1 < p < oo and s e M, then B s Mi (W 1 ) ^ B s p q2 (W l ). 

(ii) If 1 < pi < P2 < oo, 1 < q < oo, — oo < si < S2 < oo and S2 — jj^ = si — 
then 

B;i q (R n ) £^, 9 (K n ). 
(mj L//3, s € K, 1 < p, g < oo, £/ien £/ie operator (—A)' 3 / 2 is on isomorphism from 

Lemma 2.2. Let < < 1, 1 < p, q < p < oo, — oo < Si < s 2 < oo and 
s = (1 - 0>i + 9s 2 . Then 

(B^(R n ),B;^(W n ))e iq = B;jW>) 

for s = Si(l — 6) + S2#, where (•, means the real interpolation functor, see Berg 
and Lofstrom [T]. 

We will use the L p — L 9 — type estimates for e -t ' -A ) in homogeneous Besov 
spaces. For 9 — 1, the L p — L p -estimates for e* A in Besov spaces were studied by 
Kozono, Ogawa and Taniuchi in JT2]. Zhai in [27] proved the general case of 6 > 0. 

Lemma 2.3. Let > and £ > 0. 1/ si < s 2 , 1 < pi < P2 < oo and 1 < g < oo, 
£/ien 

(2.i) lle- t( - A) Vn^, 9(R „) < r^-*(*-*) H/llBg,, pi.,. 

The following equivalent characterization of homogeneous Besov spaces will be 
useful. 

Lemma 2.4. f[19j ) Let < s < 1 and 1 < p < oo, t/ien in L?* ^(1"), we Ziaiie 

,|, || ||/(- + y) -U(-)|| iP( Rn) 

f/l ^ s 3 iwi" ■ 
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We need a variant of Mikhlin theorem on Fourier multipliers. 

Lemma 2.5. (19\) Let — oo < s < oo and 4>{x) be a complex-valued infinitely 
differentiate function on R™\{0} so that 

sup sup \x\ 3 I V 3 4>(x)\ < oo 

j<k xgl" 

for a sufficiently large positive integer k. Then 

ll(^) V |lB^ g(R ") < IMIfl^fR-) 

for u S Bp q (R n ) with l<p,q<oo. 

We need a useful lemma, see for example, Grafakos [TT], Frazier, Jawerth and 
Weiss 0. 

Lemma 2.6. Let f E iS'(R n ). Then the following statements are equivalent: 

(i) f e BMO(R n ); 

(ii) for all 4> E 6>'(R") satisfying: 

f°° dtd£ 
(j>(x)dx = 0, sup / | 1 2 1 < oo 

and \4>(x)\ < ( 1+ | a 1 |) re +c f or some c, then the measure 

dfi{t,x) = \4> t *b{x)\ 2< ^- 
is a Carleson measure on RV 1 "™. 

Lemma 2.7. Let 2(3 — 1 < w < 2/3, 2 < rt < p < oo, 1 < q < oo, then we have 

2/3-1 m-(2/3-l) 

*^H*)IU~(R") +t—*—\\u(t)\\ . 

Proof. It follows from Lemmas 12.1112.21 and [HI Proposition 2.5.7] that 

— jo — ■°° 

and 

£&>,oo(K n ) 3 D BSo.iCR") - (s-fi- 1 )(K™) )J B-;^- 1 )(R") 

which contains 

(^- 1,+ '(R«),^- 1)+ *(R»)) 

Hence, we can get 



2/3-1 



n«(t,*^oiu-(R») + n*. 11 , 

i>p,cc (Ik 71 J 

< ||u(t,t*,-)IL-w-i)+5_, , + ll«(*,**-)IL«-(v-«+i 



By changing variables, we can find that 



2/3-1 m-(2/3-l) 

* 2/3 IK*)IU-(r») +* 20 ll u (*)ll fi «-v+t„ B , 

Vb p ,L p (R") B Pl oo P (R") 
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□ 

Lemma 2.8. For (3 G (1/2,1), u, v G (i°°(M")) n n (G,T (2/3_1) (R™))", t/ien we /wroe 

|| e -t(-A)" pv . ^ g v )|| g _ (2(3 _ 1)(r?i) < ||w|| i ^ (Kre) ||w|| G -( 2 ^i) (R „ ) . 
Proof. It is easy to see that for j3 G (1/2, 1), 

A-^Ki (x)|| il(R n) < fc = 1, 2, • • • ,n). 

Since the operation with respect to the convolution is commutative, by letting 

#i,j,JM = - d Xi d Xj A~ 1 )d Xk K^(x}, 

we have, for s > 

n n n 
i=l i=l fe=l 



n n n 

- EEE * i^.fe.ti * k^iiu~(R") 
i=i j=i fe=i 

n n n 

- EEE \\\ K ij,k,t *k? * Kujiiu~(R") 
i=i j=i fe=i 

n n n 

^ EEE II^mIUhk")!!^ * l«*»illU<= 

i=l j=l fe=l 

n n n 



I lb lb lb 

\ i=i j=i fe=i 

< t-*||u|| L o 0(R „ ) || e - s (- A )'>||| ioo(R „ ) . 
Thus, we get 

sups^ 1 || e - s (- A )| e -*(- A )'Vv • (u ® w)|||l-(r») 

1_ 2/3 — 1 _ f_A\& 

< « w N|£-(R»)SUp» « — J M||i<»(R») 

and finishes the proof. □ 



3. Proof of Proposition 11.31 
It follows from Lemma 12.51 that 



(3-1) WMb-^) + \M-&)- 1/2 v\\b U ^) £ Mb^y 

On the other hand, it is easy to see that for k > 0, 

\\^ k e- t{ -^v\\ LPm <t-w\\v\\ LHMn) . 
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Then (iii) of Lemma 12.11 tells us 

ll«(')-«- t( - A) ^ll^-HV) 

t 



2/3- 


- ™-(2/5-U+£ 


SUp T 

T>0 


2/5 


2/3- 


-[™-(2/3-l) + ^] 


sup r 

T>0 


2/3 


2/3- 




supr 

T>0 


2/3 


2/3- 




SUp T 

T>0 


2/3 


2/3- 




sup r 

r>0 


2/3 


x sup 

0<s<t 




2/3- 


-[«,-(2/s-i)+a] 


SUp T 


2/3 



A/3+1 / e - (t - 8+T )(-A)^ A -lp V . /(s)ds | Up(Mn) 



< supr 53 «- / (t + r- S )"^||Ae-^ £i (- A ) A- 1 PV-/( S )|| LP(R „ ) d S 

(< + T _ s) 275 1| A -ipv • /( S )|| „_ (afl _ 1)+ * ds 

_4 J 8 + [tt-(2^-l) + a] 

(t + r-) - ll/WII^V)* 

ft/ 2 /•* \ -4/3 + (™-(2/3-l)+^] 

sup j- : ~ ~ j / +y J(t + r-s) 23 s~5Fds 



< supr * 275 "t~w / (i + r-s) si 5 d s x sup s~273 ||/( s )|| . ro _ 2 ^+a 

r>0 Jo 0<s<t Bp.oo " (I 

2/3-[ra-(2/3-l)+^.] _4p + [ TO _( 2j 8-l) + -g-J z-t 

+ supr 275 (f + r) ^ / s'^dsx sup s 2 ? ||/(s) || . w-np+a 

r>0 Jo 0<s<t S Pi00 p (R 71 ) 

2/3-[w-(2/3-l) + f ] l-t _4^ + [™-(2/3-l) + a] 

< supr ^ i - 27J / (i + r-s) 275 rfs x sup s" 2 ?? ||/( s )|| ro _ 2j3+ „ 

r>0 Jo 0<s<t -Bp.oo P (I 

a J 8-[«-(2 J 8-l)+a] -4/34-[ m -(2/3-l)+.S] rt 

+ sup(t + r) 275 + 273 / s ~^dsx sup s 2 ? ||/(s)|| . w -2 +n 

t>0 Jo 0<s<t -Bp, 00 p (R") 

2/3 -[w- (2/3-1) + $] /•* _4/34-[™-(2/3-l)4-aj 

< supr 275 ^-573- / (t + T-s) 275 ds x sup s -! ?||/(s)|| .W-20+H 

r>0 Jo 0<s<t Bp, 00 P (I 

+ sup(t + r) _1 < 1_ 2f x sup s%\\f(s)\\ .v-w+a 

r>0 Q<s<t ; "Sp,oo P (K") 

< r # sup aj9+ * 

0<s<t -Bp, 00 P (R") 

since 1 + n/p + w < 4/3. Thus, by (iii) of Lemma |2. II and Lemma 12.31 we have, for 

2 - 2(3 < w < 2(3 < 2, 



Z /V ( ^ )( - A) V/( S )|I - ( 2/3- 1)+ * dS 



< 



< 



< 



a p,i V M J 

\t-s)-^\\f{s)\\. : _ w+hnn ds 

(i-s) STfg-il-C 1 -/}) sup S i|+( 1 -7J)||/( S )|| ,„_ 2 ^ + ™ 
0<s,i S n>00 p ( 

sup „_2/3 +f 

0<s,t B„,aa P (R") 
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Combining the previous estimates together, we get 
and 

Thus we can get our estimates by applying Lemma 12.31 and inequality (|3.ip . 

4. Proof of Theorem 11.41 

Define 

X 

with 



||u||x = sup 

t>0 

Set 



{u: [0,cx))^G!-( 2/3 - 1 )(]R ?1 )|V-u = 0,[[m||x<oo} 

(lk(t)[| G -(a,- 1)(Rn) +«*H«(*)[lB« 7 Pfl-i) (R »j) • 



T(u)(i) = e-* ( - A) "a- / e^—K-^PV • (u(s) ® v(s))da 



We want to show that T is a contraction mapping from a ball of X to itself. The 
case of p = oo in Lemma 12.71 implies that 



m-2/3 2/3-1 tj, 

^IK*)llB» 7 w-i) CK n) +*^-||«(*)IU-cr») < \Ht)\\B-w-v m + t2fi M t )\\Bz:^- 1 \^r 

Then, according to Proposition II .31 and Lemma l2.4[ we have 

t^\\(Tu)(t)\\ B ^-r> (Rn) 

~ I^Hs-fi- 1 '^") + o 8 u P t s *ll u ( s )® u ( s )IU™7 < S 3 (H») 

20-1 tu + 2/3-1 

< | o[U-(2/S-i) f R „> + SUp S 2 " «(#»(«) L-PS-i), w + sup S *P \\u(s) ® u(s)\\ ^-(zp-i) . 

20-1 w + 2/3-1 

~ ""IIb^ 2 ^" 1 '^") + SUP S 2 " ll u ( s ) ® w ( s )IIg^ (2,3 ™ 1) (R") + Q SUP S 2/3 ||w(s) <8>u(s)||^»-p J a-i) ( 



2/3-1 

u .- / 



~ W^b^jz-vw) + sup s 2 " II u ( s )IIl~< k ")II u ( s )II g -( 2 ' 3 - i )( 



+ SUp S ^ h(s)||l,oc (K „ ) ||u(s)||^ t „_(2/ 3 -i) fK „ ) 

0<s<t 00,00 v, ; 



< l|a|| G -(2^-i) (R „ ) + ||u|| x . 
On the other hand, Lemma 12.81 implies that 

\\(Tu)(t)\\ G ^- 1)(mn) < sup^lle-^-^^-f-^^lalHi-CRn) 



s>0 



+ / ||e-(*- s ^- A )Vv-(u( S )®u( S ))|L- ( 2,-i), R „,d S 



< 



a\\ G - ( 2 B -i) mn) + / (i-s)^||u(s)|| G - ( 20-i)||u(s)|| L oo (R „ ) 



Hence, we get 



< [[a|| G - C 2 9 -i) (ffin) + 



\\Tumx<\\a\\ G -w- 1)(WLn) + \\u\\ 2 x 
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and 

\\Tu - Tv\\ x < (\\u\\ x + \\v\\x)\\u - v\\ x . 
Therefore, the contraction mapping principle implies there exists a unique solution 
to equations (jl.ip if ||a|| G -(2^-i), Rn , is small enough. 



5. Proof of Theorem 11.51 
The solution {u, b} to equations (|1.7|) can be written as 

u(t, x) = e _t( ~ A) %(:c) - B(u, u) + B{u, u) := Ft(u, b), 
b(t, x) = e-(- A ^b a (x) - B(u, b) + B(b, u) := F 2 (u, b), 

with 

B{u,v)= / e - ( *- s)( - A) ' a PV- {u®v){s)ds. 



Dehne 

Y=Uu,b) : (0,oo) ^G"^- 1 )P R ")|V-w = V -b = 0,\\(u,b)\\ Y < oo} 

with 

6)||v = sup 6)(t)|| G - C ^- 1)(R „ ) ^(t)!!^-^-!)^^ < oo, 

\\(u,b)\\r=h\\Y + \\b\\y. 
We want to show that F% and F 2 are contraction mappings from a ball of Y to 
itself. We rewrite the solution (u, b) as 

u \ f Fi(«,6) 
b ) \ F 2 {u,b) 

Then we have 

~ ll^ollB-fi-^OR") + o Sup^s^||(u<giu,6® &)(s)Hbs,7^(m») 

2/3-1 



F(u,b). 



\\uo\\^-i20-i) (Rn) + sup s 2 f* u, 6® 6)(s)||^-(23-i )(R „ ) 



""II/; - " i ■ " i 

0<s<t 

w + 2/3-1 

+ sup s 23 (u®u,6®6)(s)[Uto-(2 J 8-i), 

0<S<t -Ooo.oo I 

2y9 — 1 

< — 



IWIsifj-^cR") + sup t s 2 ^ IK m0u ' 606 )( s )IIg- <2 ' 3 - i) (r™) 

+ sup s 1E± ^||(u,6)(s)||^ :( (2^i) (R „ ) ||(u,fe)(s)|| L oo (R „ ) 



0<s<t 

Ig^ (2 "- 1j (R") 



2/3—1 

ll«olU r C2P-i) nBn1 + o Sup^s"^ _ ||(ti,6)(s)|| L <x»[[(«,&)(s)|| G - ( 2 i 3-i) (Rn) 



0+2g-l 



+ sup s 3 ? ||(u,6)(s)||^-w- 1 ) (R „ ) ]](u,6)(s)|| z , o (M n ) 



< 



0<s<t 
U0]] G -(2y3-l), 



- sup 

0<s<t 



■ ||(u, b)(s)\\ L ~ (||(«, 6)(»)|| G - W - 1)(Rn) + ||(u, 

< |KI| G -(2/»-i) (K „ ) + 
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Similarly, we get 

||Fi(u,6)(i)[[ G - (2/3 -i) (Rn) 

s>0 

+ J* ||e-(*- s »- A ^PV • (u <g> u)(s)\\ G - ( 2 P - 1)(m ds 
+ £l|e- (t - s)( - A) 'Vv-(fo®6)( S )|| G - (20 - 1)(R „ ) d S 

< |]u || G -W-i) (Rn) + J (i-s)^-||(u,6)|| G -(20-i) (R „ ) ||(u,fe)(s)|| L oo (R „ ) ds 

< Utiollc-W-D^n) + \\(u,b)\\ 2 y. 

Thus, we have 

\\Fl^M\Y<\\u \\ G -^- l)m + \\(uMY 

and 

||^i(«,6)(t)-J?i(«S60lk^ll(«-<6-Ol|y(ll(«.6)lk + ll(«S6')lk)- 
Similarly, we can prove that 

||jn,(«,6)||^ < Huollo-w-i)^) + ||tt|kl|6||v 

and 

||F 2 (u,6)(t)-F 2 (u',6')llr<||(w-<6-6')l|y(IIK&)lk + ||«6')lk). 
These estimates imply that 

||F(u,6)-F(u / ,6')|| y <||(«-tt / ,6-6')||r(||(«,6)||y + ||(tt / ,6')||r). 
Therefore, the contraction mapping principle finishes the proof. 

6. Proof of Proposition 11.61 

Define 

K = {/ G ((0, co);4"£f" 1)+? (M n )) : V • / = 0, [[/[[* < co} 

with 

H/HjC =SUP ( ||u(t)|| +t#|K*)|| .-(w-D+a ) ■ 

t>0 \ b p,oo (R") B Pi(XJ - p (R")y 

Let 

/■* 

T«(t) = e-* ( - A) ' , a - / e -( { - s )(- A ) 3 PV- (u(s) ®u(*))ds. 
Jo 
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We want to prove that T is a contraction mapping from a ball of K to itself. It 
follows from Lemmas 12.41 and 12.71 that 





||T«(t)|| . -(20-ih 


" p (R 


+ t^\\Tu{t)\\ .„_ (aj9 _ 1)+a 
™) S P ,J P (R") 


< 


\\a 


. -(2/3-1) + ^ 


+ 


/ ||e-(*-'^- A ) fl PV •(«(«)» tt(s))|| .«-p«, 

JO Bp, DO 


< 


\\a 


. -(2/3-1)+™ 
B Pf oc 


+ 


SUp «*||(«(«)®tt(s))|| „- 3 /,+a 
0<s<t S PiOQ P (R") 


< 


\\a 


. -(2f3-l)+2L 


+ 


SUp S^||u(s)|| L oc (R „ ) || U (s)|| .™-23 + f 
0<s<t S Pi00 * (B n ) 


< 


\\a 


. -(2£-l)+ — 


+ 

*) 





ds 



since 0<w — 2/3 + ~ < 1, n < p < oo. Similarly, we get 

\\Tu-Tv\\k<{\\u\\k+\\v\\k)\\u-v\\ k , for u,v E K. 
Thus, these estimates imply that T is a contraction mapping for ||a|| . _(a/3-i)+a (R n ) 

small enough. Therefore, we can finish the proof by the contraction mapping prin- 
ciple. 



Proof. We can write 



7. Proof of Proposition 11.121 



and 



9 /-*/2 

-'(-^'/(z) = - / e -(*-«)(-A)" e -t.(-A)fl /tig 

* Jo 



According to the definition of e A ^ , it is a convolution operator with a posi- 

X 

■ t 1 / 2 ' 3 ■ 



tive Kernel K?(x) = (27r)-«/ 2 / RB e^-tiei 3 *^ satisfying^ f (x) = ^iff (^). 



Then, using Holder's inequality, we obtain that 

2 /- t/2 



< 



< 



/0*o)l 



xf_ n ( 2 ;- a ; ) e -"(- A '"/( a ; )d a ;d S 



9 /-t/2 / /■ \ 1/2 / ,■ \ 1/2 



2 z-*/ 2 



t 



p-t/l / /■ \ 1/2 

I [ Kt u (x-x )\e-^- A ^f(w )\ 2 dx) ds 
o VJr™ / 

Xf_ u (x - x Q )u^\e-<-^ f{x )\ 2 dxds 



V {T Jo 



1/2 



By Miao, Yuan and Zhang's [TH Lemma 2.1] , we have 
Kl u (x-x )< ' ' 



( t _ u )n/ a/ 3 / | | \«+a/?' 

1/ + (t- U )l/20 J 
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Thus 



I = [ K*_ n (x-x )u £ r\e-»<--^''f(x)\ 2 dx 

1 



< 



( t _„)l/2/3 

' ' rU^\e-^- A ^f(x)\ 2 dx. 



^ 6iH -[o,i]» (t - uY^ t \^M \ n+2/3 



Since < u < % and | < t — u < t, we can get 



1 



rt/2 

/<^/ / «V|e-(-^/Wl a «fa. 

" JO J\x-x \<t^ 



This gives 



,2,3 \ 1/2 

2 i r r c-i, 



W - ^ r Jo J|x-a;o|<i 



< 



t 2/3 \ 1/2 

^ r" / / s^\e-<- A ^f(x)\ 2 dxd S ) . 



(- 1 

t~P~ Jq J\x-x \<t 



that is, 

^He-^C-^/lk- < I* - " / / s^\e-<-^ f(x)\ 2 dxds) 



\ JO J\x— xo|<t / 

It follows from Miao, Yuan and Zhang's [HI Prorposition 2.1] that, for s < 0, 
/et,oo(R") if and only if 

8 upr- s / 2 ^||e-'-(- A )"/|Uoc (Mn) <oo. 
Thus, the previous estimate implies that BMO-$(R n ) ^ B^^W 1 ). □ 



8. Proof of Proposition 11.91 

We need the following lemma which can be proved easily. 

Lemma 8.1. For ( > 0, (- A)^ 2 e -(- A ) is a convolution operator with kernel 
K^{x) e L x (M n ). 



We divide the proof into two parts. First, we prove that / £ BMO"^!") under 
the assumption of the existence of a distribution g 6 BMOIW 1 ) with / = (— A^^g. 
From this assumption, we have, for all s > 0, 

s^\e-^(-A)ig\ 2 = \K ^* 5 | 2 

with 

X ^(a;)= s -#X c (4-). 

C:«^ S 2£ 



Here £ L 1 (R") and 



c P - s |ei 2/3 
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Thus 

L Kdx)ds = ° and lKdx)l ~ (i + N)"+c - 

For more about the kernel of e~^~^ P , see Miao, Yuan and Zhang [18] , Then we 
have 



sup / |^W)| 2 y = sup / |^)| 2 y 

= sup / (^e-* 2 ") 
If l=i Jo 



t 

t 2 C -l e -2t^ dt 



- 1 



tT s ~ l e~ t dt 



since J > 0. So d/x(a;, s) = |Jf ^ * g|2dt^x j g a c ar i eson measure and 

| (if ^*9)(x)| 2 ^<C|| 5 ||^ MO(Rn) ^. 

0<«<i,|a:-xo|<t ,S f r s 

That is ||/||bmo-<(r™) < C\\g\\ BM o(M»)- 

Second, we prove the existence of g E BMO(M. n ) with / = (— A)*g when 
/ G BMO~^(R n ). Proposition II .81 implies that we can get 

9 = ^,9] ~ 9j(fy+^29j 

j<0 j>0 

with gj = Ajg such that / = (-A)^ 2 3 and g G B^ OQ (M n ). In fact, 

s(£)=E&®-so(£)+£sm 

i<o j>o 

and 

\t\ c d(0 = £l£l c £(OH£l c ft(0 + £Kl c &(0 

j<0 j>0 

according to the homogeneous Littlewood-Paley decomposition of /. On the other 
hand, to see g G (R 71 ), we have, 

g j = A i g = A j {-A)V*f, 

and 

£•(0 = ier c 0(2- 3 e)/(c) 

= 2-«|2-^|-^(2-'0/(0 

= 2-*VO|2-^|-^(2-'0/(0. 
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l ) satisfying hj = 1 on Cj and supp(/ij) C 2Cj. Let 
g j =2-XA j f*(h j \2-^\-t)\ 

where (hjfe-i^-ty € It follows from hj\2- j ^ el°°(Z) that \\A jg \\ L ^ {Rn) G 

Z°°(Z). 

We need to prove that g G BMO{R n ). In fact, let g by 

^(s^£) = | s ^,e|Ce- s| « |2 ' B . 



So 
and 

This tells us 
So 



if^*g{{i) = S ^e- s ^ /(£). 
g^ *g(x)=s^e- s{ - A) "f{x). 



It follows from / G BMO ^(t n ) and ?y satisfying the assumptions of Lemma 
that 

\B(x ,t^)\-i f [ , |^* 5 | 2 ^ 

JO J\x-x \<t^ sW s 
J0<s<t J\x~x Q \<t^ s 

< sup sup (V" /' / s^ i | e - s( - A) ''/(x)| 2 dsdx N ) 

Oil a;o6t™ \ JO J|x-x |<t / 
= II / II SJ\JC>-i (K") " 

The previous estimate and Lemma 1^751 imply that g G BMO(M. n ). This finishes the 
proof. 
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